Extending pioneering work by Weinberg, Conrad, McCleary, and others, we provide a systematic way of relating spaces of right orders on a partially ordered group, on the one hand, and spectral spaces of free lattice-ordered groups, on the other. The aim of the theory is to pave the way for further fruitful interactions between the study of right orders on groups and that of lattice-groups. Special attention is paid to the important case of orders on groups.
Introduction
A right order on a group G is a total order on G such that x y implies xt yt, for all x, y, t ∈ G. There are at least two distinct motivations for studying such orders on groups. First, a countable group admits a right order if, and only if, it acts faithfully on the real line by orientation-preserving homeomorphisms. This, as far as we know, is folklore; see [11, Theorem 6 .8] for a proof. 1 The result indicates that orders on groups play a rôle in topological dynamics. For more on this, besides Section 6.5 of Ghys' beautiful survey [11] , see the research monograph [4] . The reader can also consult [9] , and especially Chapter 14, for the important case of orders on braid groups.
Second, the collection of all right orders on a group G leads to a representation of the free lattice-ordered group (or free ℓ-group) generated by G. This classical theorem is due to Conrad [6] , who generalised a previous result of Weinberg [24] for the Abelian case. Right orders have since been central to the theory of ℓ-groups; standard references for the latter are [2] and [8] . All lattice-group notions mentioned in the rest of this introduction are defined in the subsequent sections.
In 2004, Sikora topologised the set of right orders on a group [19] , and studied the resulting space; see again [4] . In this paper we show, inter alia, that Sikora's space arises naturally from the study of lattice-groups, as the minimal spectrum of the ℓ-group freely generated by the group at hand. More generally, by replacing right orders with right pre-orders-pre-orders that are invariant under group multiplication on the right-we provide a systematic, structural account of the relationship between (always total) right pre-orders on a group G and prime subgroups of the ℓ-group F (G) freely generated by G. One often restricts attention to special classes of right pre-orders on a group. For example, one may be interested in studying orders (sometimes called bi-orders) on a group G, that is, total orders on G that are invariant under group multiplication both on the right and on the left. In that case one needs to replace F (G) with the free representable ℓ-group generated by G. In full generality, fix an arbitrary variety (=equationally definable class) V of ℓ-groups, a partially ordered group G, and write F V (G) for the free ℓ-group generated by G in V. The results in this paper provide a theory of the connection between the prime subgroups of F V (G), and a corresponding class of right pre-orders on G, where each pre-order in the class is required to extend the partial order of G.
The connection we exhibit and study here has been previously identified in its basic form by McCleary in his paper on representations of free lattice-groups by ordered permutation groups, cf. [18, Lemma 16] . There, McCleary considers a free group G and constructs a bijection between right orders on G and minimal prime subgroups of F (G). This paper may be viewed as a generalisation and extension of McCleary's result. Let us also mention [3] , where the author acknowledges McCleary's work as a source for his own correspondence between closures of orbits (under the natural action of G) in the space of right orders on a group G, and kernels of certain maps from F (G).
In Section 2 we describe our construction and state our main correspondence result, Theorem 2.1. We also state Corollary 2.1, establishing that the spaces of right pre-orders corresponding to varieties of lattice-groups are always completely normal generalised spectral spaces. Here and throughout the paper, 'spectral space' is meant in the sense of Hochster [15] . Generalised spectral spaces are the not necessarily compact versions of spectral spaces. Sections 3 and 4 are devoted to a proof of Theorem 2.1. In Section 5 we use ideas from Stone duality to obtain Corollary 2.1.
The construction leading to Theorem 2.1 shows that to each variety of ℓ-groups there remains associated a class of right pre-orders on groups. The class corresponding to the variety of all ℓ-groups is just that of all possible right pre-orders. In Section 6 we specialise our main result to the varieties of representable and Abelian ℓ-groups, thereby characterising the right pre-orders that correspond to these two varieties; see Theorems 6.1 and 6.2.
In Theorem 6.3 we show that the usual spaces of right orders, orders, and orders on Abelian groups are recovered in our framework as the subspaces of inclusion-minimal right pre-orders of the appropriate class in each case. Through the bijection of Theorem 2.1, such subspaces correspond precisely to minimal spectra of the free lattice-group over the given group in the appropriate variety (Corollary 6.2). This leads us in Section 7 to revisit the much-studied minimal spectrum of an ℓ-group, with special attention to its possible compactness. We obtain a general algebraic compactness criterion in Corollary 7.2. We also prove as Theorem 7.2 that in the varieties all ℓ-groups, of representable ℓ-groups, and of Abelian ℓ-groups, the free lattice-group generated by any partially ordered group has compact minimal spectrum. The spaces of right orders or orders on a partially ordered group G are shown to be the dual Stone spaces of the Boolean algebra of principal polars of the ℓ-group freely generated by G in the appropriate variety; this is the content of Theorem 7.3, which also encompasses the analogous result for Abelian groups.
In the final Section 8 we focus on orders on groups. We have seen in Section 6 how to specialise our main result (Theorem 2.1) to any variety of ℓ-groups, and thus in particular to the representable one. However, our last Theorem 8.2 shows that, in studying orders on a partially ordered group G, one really ought to look at prime ideals (=normal prime subgroups) of the free representable ℓ-group generated by G, as opposed to its prime subgroups. To rephrase on the algebraic side: in varieties of representable ℓ-groups the notion of prime subgroup-which is indispensable in the study of general ℓ-groups-should be done away with and replaced by the notion of prime ideal.
Main construction and result
The set of natural numbers is N ≔ {0, 1, 2, . . .}. Throughout, by 'lattice' we mean 'partially ordered set such that infima (∧) and suprema (∨) of finite nonempty subsets exist'; thus, lattices do not necessarily have maxima or minima, and even when they do, lattice homomorphisms need not preserve them. By a partially ordered group we mean a group G equipped with a partial order compatible with the group operation, that is, from a b we can conclude sat sbt, for every a, b, t, s ∈ G. We write P for the category of partially ordered groups and their positive (equivalently, order-preserving) group homomorphisms. Recall that a positive group homomorphism is an order embedding if it is injective, and order reflecting on the range. The positive cone of an object G of P is G + := {a ∈ G | a e}, where 'e' is our notation for the identity element of a group. A lattice-ordered group H (briefly, ℓ-group) is a partially ordered group whose partial order is a lattice order. By 'ℓ-subgroup' we mean 'sublattice subgroup of H'. Recall that the set of order-preserving bijections Aut Ω of any chain (=totally ordered set) Ω can be made into an ℓ-group, with group operation f · g standing for 'g after f ', and point-wise lattice operations.
A binary relation ⊆ S × S on a set S is a pre-order if it is reflexive, transitive, and total. 'Total' means: for any a, b ∈ S, either a b or b a (or both). We establish the convention, valid throughout the paper, that 'pre-order' means 'proper pre-order'; i.e., we assume S × S. This will be consistent with the standard assumption that prime subgroups are proper.
If is a pre-order on a group G, then is right invariant (respectively, left invariant) if for all a, b, t ∈ G, whenever a b then at bt (respectively, ta tb). For a partially ordered group G, a right pre-order on G is a right-invariant pre-order on G that extends the partial order on G; a pre-order on G is a left-invariant right pre-order on G.
For a partially ordered group G, the set of right pre-orders on G is a poset under inclusion, and similarly, P (G) is partially ordered by inclusion. It is elementary that these two posets are isomorphic via the map that associates to C ∈ P (G) the relation: a C b if, and only if, ba −1 ∈ C. The inverse of this bijection sends a right pre-order to its positive cone C ≔ {a ∈ G | e a}. This isomorphism restricts to one between pre-orders on G and those pre-cones of G that are normal, i.e., closed under group conjugation; we denote the subposet of such pre-cones by B (G). In the rest of this paper we deliberately confuse a right pre-order on G with its associated pre-cone C. We write a ≺ b to mean a b and b a.
The following definition provides the natural extension to right pre-orders of a construction that is standard for right orders-and of course, mutatis mutandis, for unordered groups. We write G C for the partially ordered group G equipped with the right pre-order C ⊇ G + . Then C induces an equivalence relation Definition 2.1 (Right regular representation). Let G be a partially ordered group, and let C ⊇ G + be a right pre-order on G. We denote by H C the ℓ-subgroup of Aut Ω C generated by ρ C [G] . The map
is called the right regular representation of G C . Remark 2.1. We consistently use the notation H C throughout the paper as in the previous definition. Definition 2.2 (Right pre-orders of a variety). For any partially ordered group G and any variety V of ℓ-groups, we write P V (G) for the set of right pre-orders C ∈ P (G) such that H C ∈ V. Further, we write B V (G) for the subset of P V (G) consisting of pre-orders.
Thus, writing L for the variety of all ℓ-groups, P L (G) = P (G). Observe that P V (G) may well be empty even when G is non-trivial.
We identify any variety V of ℓ-groups with the full subcategory of the category of ℓ-groups whose objects are the ℓ-groups in V. Let us write P : V −→ P for the faithful functor that takes an ℓ-group H in V to H itself regarded as a partially ordered group. By general considerations P has a left adjoint F V : P −→ V, in symbols, F V ⊣ P. For G a partially ordered group, F V (G) is the ℓ-group free over G in V, or freely generated by G in V. The component at G of the unit of the adjunction F ⊣ P, written 2 [6] , distinguish between the universal ℓ-group on G, and the free such ℓ-group, which in their terminology has the further property that the universal arrow η :
2) is an order embedding. We do not follow their distinction, and speak of free objects in all cases.
If H is any ℓ-group, set
Here, a convex ℓ-subgroup k is a sublattice subgroup of H that is order convex, and an ideal is a normal convex ℓ-subgroup. For any convex ℓ-subgroup k, the set of cosets H/ k can be lattice ordered by: kx ky if, and only if, x ty in H for some t ∈ k. A convex ℓ-subgroup p is prime just when it is proper (i.e., p H), and the quotient lattice H/p is ordered. Throughout, we write 'prime subgroup' to mean 'prime convex ℓ-subgroup', as usual. We denote by Spec * H the subset of Spec H consisting of prime ideals. We define a map κ :
as follows. Given a right pre-order C ∈ P V (G), write 
to complete the definition of κ (2.4). We define a map
as follows. Given p ∈ SpecF V (G), we define the relation p on G by:
We shall prove in Lemma 3.2 below that p ∈ P V (G). We write C p for the positive cone of p . Finally, set
to complete the definition of π (2.5). We topologise Spec H using the spectral, or Zariski topology whose open sets are those of the form
as A ranges over arbitrary subsets of H [8, Proposition 49.6] . Thus, the closed sets are those of the form
We also topologise Spec * H by the subspace topology, with opens S * (A) for A ⊆ H. Further, we set
We endow P V (G) with the smallest topology containing all sets P(a), and B V (G) with the subspace topology.
Theorem 2.1. For any partially ordered group G and any variety V of ℓ-groups, the maps κ : Let X be a topological space. A closed set ∅ Y ⊆ X is irreducible if it is not the union of two proper closed subsets of itself. If every such Y is the closure of a unique point, the space X is called sober. A generalised spectral space is a sober space whose compact open subsets form a base closed under finite intersections. A spectral space is a generalised spectral space that is also compact [15] . A generalised spectral space X is completely normal [2, Chapitre 10] if for any x, y ∈ X in the closure of a singleton {z}, either x is in the closure of {y}, or y is in the closure of {x}. The specialisation order of a topological space X is the relation defined on X by: x y if, and only if, y is in the closure of {x}.
Corollary 2.1. For any partially ordered group G and any variety V of ℓ-groups, the space P V (G) is a completely normal generalised spectral space whose specialisation order coincides with the inclusion order.
Order-isomorphism Lemma 3.1. For any partially ordered group G and any variety
Proof. Write G for the ℓ-subgroup of F V (G) generated by η [G] . Then the positive group homomorphism G → G that agrees with η on G enjoys the universal property of η because any ℓ-homomorphism out of G is uniquely determined by its action on any generating set of G. It follows by a standard argument on the uniqueness of universal arrows that G = F V (G). Since η is a group homomorphism, η[G] is a subgroup of G, and therefore must generate F V (G) as a lattice-it is elementary that in any ℓ-group the lattice is distributive and the group operation distributes over meets and joins.
If H is an ℓ-group and p ∈ SpecH, then the map 
Lemma 3.2. For any partially ordered group G and any variety V of ℓ-groups, the map π is a well-defined function with values in P V (G).
Proof. It is easy to see that π is a function from Spec F V (G) into P (G), and it remains to show that H C p ∈ V for any p ∈ Spec F V (G).
Proof. Indeed, by Lemma 3.1, any element x ∈ F V (G) is of the form I J i η(a ij ), for a ij ∈ G and i ∈ I, j ∈ J i finite index sets. Since the chain Ω p is a lattice quotient of F V (G), we have px = I J i pη(a ij ). Therefore, px = pη(a ij ), for some a ij ∈ G, and some i ∈ I, j ∈ J i .
Proof. Given Claim 3.1, it now follows from the definition of C p that the map
is an order isomorphism between Ω p and the quotient Ω C p of G C p . (Recall that the notation Ω C , here applied to the case C = C p , was defined in Section 2.) Therefore, the ℓ-groups Aut Ω p and Aut Ω C p are isomorphic through the map
By the preceding claim, and by the facts that the ℓ-group
Hence, H C p ∈ V, and this concludes the proof. Proof. Let C ∈ P V (G), and let
Therefore, (η(a) ∧ e) ∈ p, and hence, pη(a) pe. This shows C ⊆ C p . Conversely, pick a ∈ C p , that is, a is such that pe pη(a) in Ω p . This means that e tη(a), for some t ∈ p. Hence,
Therefore, the element h C (tη(a) ∧ e) is in the stabiliser of [e], which entails:
But t ∈ p, and thus h C (t)([e]) = [e]; so, from (3.4) we infer
. By applying the map τ defined in (3.2), this is equivalent to
In order to show that κ is order preserving, we begin by recording an easy observation.
Proposition 3.1. Let H be an ℓ-group generated by a subgroup S ⊆ H, and let x ∈ H + . Then x lies in the sublattice of H generated by {s ∨ e | s ∈ S}.
Proof. There are finite index sets I and J i and elements s ij ∈ S, i ∈ I and j ∈ J i , such that x = I J i s ij . Since x e we have x ∨ e = x, so we obtain x =
Lemma 3.4. For any object G in P and any variety V of ℓ-groups, the map κ is inclusion preserving.
This means: 
Hence, h C (x)([e]) = [e] if, and only if,
for some i * ∈ I. Writing J i * = {1, . . . , n}, and reindexing if necessary, we have
and hence,
Therefore,
Theorem 3.1. For any partially ordered group G and any variety V of ℓ-groups, the maps κ and π are mutually inverse, inclusion-preserving bijections.
Proof. By Lemma 3.3, the maps κ and π are mutually inverse. By Lemma 3.4, κ is inclusion preserving. If p ⊆ q ∈ Spec F V (G), an element a ∈ C p if, and only if, pe pη(a). The latter is equivalent to e tη(a), for some t ∈ p. Hence, e tη(a), for some t ∈ p ⊆ q, and therefore, a ∈ C q . Thus, π is inclusion preserving. 
we identify H C with Ω C , and have
If p ∈ Spec F V (G), for every a, b ∈ G we have a π(p) b if, and only if, η(a)η(b −1 ) x for some x ∈ p. Therefore, if p is normal, we also have
which implies sat π(p) sbt, for every s, t ∈ G.
Homeomorphism
If H is an ℓ-group and x ∈ H, the absolute value |x| ∈ H + of x is defined as x ∨ x −1 . It is classical that the set Conv H of convex ℓ-subgroups of H ordered by inclusion is a complete distributive sublattice of the lattice of subgroups of H [8, Propositions 7.5 and 7.10]. Thus, in Conv H, meet is intersection and join k i is the subgroup of H generated by k i . We write C(S) to denote the convex ℓ-subgroup generated by S ⊆ H. If x ∈ H, we write C(x) for C({x}), and call it the principal convex ℓ-subgroup generated by x. Proposition 4.1. For any ℓ-group H, and for any x, y ∈ H + , z ∈ H, the following hold. Throughout, we write S(x) in place of S({x}) for x ∈ H, and similarly for V({x}). (1) S(z) = S(|z|).
(2) S(x ∧ y) = S(x) ∩ S(y) and S(x ∨ y) = S(x) ∪ S(y).
Proof. (1) and (2) Proof. Since κ and π are mutually inverse bijections by Theorem 3.1, it suffices to show that they both are open maps.
We first show that
. Hence,
and therefore,
Therefore, a ∈ C and a −1 C.
Since {P(a) | a ∈ G} is a subbase, and κ, being a bijection, preserves arbitrary intersections and unions, it follows that κ is open.
To 
for some finite index sets I and J i , and elements a ij ∈ G. By the second item of Proposition 4.3,
Since π is a bijection,
.
Proof of Theorem 2.1. Combine Theorems 3.1, 3.2, and 4.1.
Spectrality
We write Conv p H for the sublattice of Conv H consisting of the principal convex ℓ-subgroups of H; cf. Proposition 4.1. Note that the lattice Conv p H does have a minimum (C(e) = {e}), but not necessarily a maximum. We prove in this section that Spec H is the Stone dual of the distributive lattice Conv p H.
Let D be a distributive lattice with a minimum, but not necessarily with a maximum. Topologise the set X(D) of prime ideals of D by declaring that the sets
form a subbase. The generated topology is known as the Stone topology of X(D) [23] .
Recall that an element x of a lattice D is compact if whenever S ⊆ D is such that S exists, x S implies x T , for some finite T ⊆ S. Proof. We first show h defined in (5.2) is a bijection onto the set Spec H of prime subgroups of H.
Indeed, by Proposition 5.1, there are finitely many
Since I is closed under finite joins and downward closed, we conclude C(x) ∈ I. Injectivity of h is now obvious.
To prove primeness and surjectivity, we repeatedly use Proposition 4.1.(2). For primeness, if x∧y ∈ h(I),
For surjectivity, we pick a prime subgroup p of H and consider the set I p = {C(x) | x ∈ p}. Clearly, I p is downward closed and closed under finite joins. Now, C(x) ∩ C(y) ∈ I p is equivalent to C(x ∧ y) ∈ I p , and the latter is equivalent to x ∧ y ∈ p. Since p is prime, either x ∈ p or y ∈ p, and hence, either C(x) ∈ I p or C(y) ∈ I p . This shows that I p is a prime ideal of Conv p H. Since, evidently, p = {C(x) | x ∈ p}, we have h(I p ) = p.
Regarding now h as a bijection h : X(D) → Spec H, we show that h is a homeomorphism. Indeed, since for x ∈ H, C(x) ∈ I if, and only if, x ∈ h(I), we have
Since h preserves arbitrary unions and intersections, this shows that h is an open bijection. By Proposition 4.2, it also shows that h is continuous, and hence a homeomorphism. Finally, it is classical that the compact open sets of X(D) are precisely those of the form C(x) (see, e.g., [16] ), so that (5.3) establishes the last assertion of the statement.
Remark 5.1 (Reticulation of lattice-groups). Theorem 5.1 exhibits the prime spectrum of an ℓ-group H via a purely lattice-theoretic construction, as the Stone dual of the lattice Conv p H of principal convex ℓ-subgroups of H. In several variants, the result has circulated as folklore amongst researchers in the field. We have provided a full proof because we are not aware of a reference at this level of generality. For Abelian lattice-groups with a strong unit, alias MV-algebras, see [10, and references therein]. The construction in Theorem 5.1 is the exact analogue for lattice-groups of Simmons' well-known reticulation of a ring [20] .
An element u of an ℓ-group H is a strong (order) unit if for all x ∈ H there is n ∈ N \ {0} such that x u n ; equivalently, by Proposition 4. Proof. It is a classical result that the Stone dual space of a distributive lattice D with minimum is a generalised spectral space which is compact if, and only if, D has a maximum (see [23] ; cf. [13, Section 2.5], [16, Section II.3] ). Suppose now that u ∈ H is a strong unit. Then, we have C(u) = H. Therefore, the lattice Conv p H has a maximum, and its dual space Spec H is compact. Conversely, if SpecH is compact, then SpecH = S(u) for some u ∈ H. But then, by the definition of S(u), every prime subgroup of H excludes u. A standard argument (using Zorn's Lemma) then shows that every proper convex ℓ-subgroup of H omits u. Hence, u is a strong unit.
A poset is a root system if the upper bounds of any one of its elements form a chain.
Proposition 5.2. For any ℓ-group H the poset Spec H is a root system, and the specialisation order of the generalised spectral space SpecH coincides with inclusion order.
Proof. It is standard that Spec H is a root system [8, Theorem 9.8]. For the second statement, first note that, for any p ∈ Spec H, p ∈ V(p) and every closed set V(A) that contains p also contains V(p). Therefore, V(p) is the closure of p. Further, for q ∈ Spec H, if p ⊆ q, then q ∈ V(p), that is, p q in the specialisation order. Conversely, if the latter holds, then q ∈ V(p), so that p ⊆ q.
Proof of Corollary 2.1. Combine Theorem 4.1, Corollary 5.1, and Proposition 5.2.
Remark 5.2. Observe that Corollary 5.1 provides a necessary and sufficient condition for P V (G) to be compact, and hence spectral, namely, the existence of a strong unit in F V (G). This yields a useful sufficient condition for spectrality: If the partially ordered group G is finitely generated (as a group), then P V (G) is compact, and hence spectral. Indeed, in this case F V (G) is finitely generated (as an ℓ-group), because it is generated by the image under η of a generating set for G. But it is well known that an ℓ-group with finitely many generators x 1 , . . . , x n has n i=1 |x i | as strong unit; hence P V (G) is compact.
Characterisations of right pre-orders for specific varieties
For any chain Ω, an ℓ-subgroup H of Aut Ω is transitive (on Ω)-equivalently, H acts transitively on Ω-if for every r, s ∈ Ω there exists f ∈ H such that f (r) = s.
Lemma 6.1. For any partially ordered group G and any right pre-order C on G, the ℓ-group H C is transitive on the chain Ω C .

Proof. For every a, b ∈ G, the equivalence class [a] is sent to [b] by the map R C (a −1 b) as defined in (2.1).
We call an ℓ-group representable if it is a subdirect product of totally ordered groups, and Abelian if its underlying group is Abelian. The class of representable ℓ-groups is a variety of which Abelian ℓ-groups form a subvariety [17, Proposition 9.3.3]. We write R for the category whose objects are representable ℓ-groups, and A for the category of Abelian ℓ-groups.
Proposition 6.1. Every transitive representable ℓ-group of order-preserving permutations of some chain is totally ordered.
Proof. [17, Theorem 9.3.5].
Theorem 6.1. For any partially ordered group G and any right pre-order C on G, the following are equivalent.
The right pre-order C is in P R (G). 2. The ℓ-group H C is totally ordered.
For every a ∈ G, either bab
Proof. For (1) ⇔ (2), combine Lemma 6.1 and Proposition 6.1.
For (2) ⇔ (3), note that H C is a chain if, and only if, for every a ∈ G, either [t] C [ta] for every t ∈ G, or [ta] C [t] for every t ∈ G.
Equivalently, for every a ∈ G, either t C ta for every t ∈ G, or ta C t for every t ∈ G, that is, either e C tat −1 for every t ∈ G, or tat −1 C e for every t ∈ G.
Theorem 6.2. For any partially ordered group G and any right pre-order C on G, the following are equivalent. Remark 6.1. The class of right pre-orders on groups is elementary-that is, axiomatisable in first-order logic-in the language of partially ordered groups. By Theorems 6.1 and 6.2, so are the notions of 'representable' and 'Abelian' right pre-orders on groups. Open problem: For which varieties of ℓ-groups is the corresponding class of right pre-orders on groups, as provided by Definition 2.2, elementary in the language of partially ordered groups? (For a related, recent connection between lattice-groups and logic, see [5] .)
The right pre-order C is in P A (G). 2. The ℓ-group H C is totally ordered Abelian.
For every a, b
For any partially ordered group G and any variety V of ℓ-groups, consider the factorisation of the universal map η : G → F V (G) given by
where η[G] is the group image of G under η partially ordered by the restriction of the order on F V (G), and ξ is the inclusion map.
Proposition 6.2. The group homomorphism ξ : η[G] → F V (G) from (6.1) is an order embedding satisfying the universal property (2.3).
Proof. It is evident by construction that ξ is an order embedding. Consider the following commutative diagrams
We prove that h • k and k • h are, respectively, the identity map on F V (η [G] ) and the identity map on
and since ζ is an epimorphism, we get h
By the universal property of η and η * , we infer the thesis.
Remark 6.2. Proposition 6.2 entails that the space P V (η [G] ) is homeomorphic to Spec F V (G) and hence, by Theorem 2.1, to the space P V (G).
For a partially ordered group G, a right order on G is a right invariant proper total order on G extending G + , and an order on G is a right order on G which is also left invariant. We call (right) orderable a partially ordered group G that can be equipped with a (right) order. We say that a partially ordered group G is isolated if a n ∈ G + for some n ∈ N \ {0} implies a ∈ G + , for every a ∈ G. As usual, a group G for which a n = e for some n ∈ N \ {0} implies a = e, for every a ∈ G, is called torsion-free. Suppose V is the variety of all ℓ-groups (respectively, representable ℓ-groups) . For any group G, the universal map η : G → F V (G) is injective if, and only if, G is right orderable (respectively, orderable) 
Lemma 6.2. Suppose V is the variety of all ℓ-groups (respectively, representable ℓ-groups). For any partially ordered group G, the universal map η : G → F V (G) is an order embedding if, and only if, the positive cone G + is the intersection of the right orders (respectively, the orders) on G; for the variety V of Abelian ℓ-groups, η : G → F V (G) is an order embedding if, and only if, G is an isolated partially ordered
; for the variety V of Abelian ℓ-groups, η : G → F V (G) is injective if, and only if, G is non-trivial torsion-free Abelian.
Proof. From Lemma 6.2 considering a group G as the partially ordered group G with the trivial order.
The isomorphism between the poset of right pre-orders on G and P (G) restricts to a bijection between the set of right orders on G and the subset R (G) of pre-cones C ∈ P (G) such that C ∩ C −1 = {e}. We now topologise R (G) with the subspace topology inherited from P (G), with subbase (of clopens) consisting of
as a ranges in G. Similarly, the set of orders on G is in bijection with the subset O (G) of normal pre-cones C ∈ R (G), and we equip O (G) with the subspace topology. 
H is representable.
Each minimal prime subgroup is an ideal.
Proof. See, e.g., [8, Proposition 47 .1].
Theorem 6.3. Suppose V is the variety of all ℓ-groups (respectively, representable or Abelian ℓ-groups). For any partially ordered group G, the minimal layer of P V (G) is homeomorphic to the space of right orders (respectively, orders) on η[G].
Proof. Therefore, if a b, also ca cb, and the right order is in fact an order on η[G] .
is an isolated partially ordered Abelian group and hence, from Remark 6.4, η [G] + is the intersection of the orders that extend it. Moreover, the free ℓ-group
) and hence, the minimal layer of P A (η [G] ) is the space of (right) orders on η [G] .
The results now follow from Remark 6.2.
For an ℓ-group H, we write Min H for the set of minimal prime subgroups of H, and we topologise it with the subspace topology from SpecH. We write S m (A) (respectively, V m (A)) for open subsets (respectively, closed subsets) of Min H with A ranging over arbitrary subsets of H.
Corollary 6.2. Suppose V is the variety of all ℓ-groups (respectively, representable or Abelian ℓ-groups). For any partially ordered group G, Min F V (G) is homeomorphic to the space of right orders (respectively, orders) on η[G].
Proof. Combine Corollary 2.1 and Theorem 6.3.
Remark 6.5. We do not know at this stage whether a characterisation of the minimal elements of P V (G) along the lines of Theorem 6.3 is feasible, even in the case of well-studied varieties V of ℓ-groups. For example, suppose V is the variety of normal-valued ℓ-groups [2, Théorème 4.3.10]. Suppose further that G is a group admitting a Conradian right order [4, Theorem 9.5]. Then one can prove that each Conradian right order on G is a minimal element of P V (G). However, it is unclear to us at present whether each minimal member of P V (G) is a Conradian right order on G.
Minimal spectra
For any ℓ-group H, we adopt the standard notation x ⊥ y-read 'x and y are orthogonal'-to denote |x| ∧ |y| = e, for x, y ∈ H. For S ⊆ H, we set
we write S ⊥⊥ instead of (S ⊥ ) ⊥ , and x ⊥ instead of {x} ⊥ for x ∈ H. It is clear that x ⊥ = |x| ⊥ for every x ∈ H. A subset T ⊆ H is a polar if it satisfies T = T ⊥⊥ or, equivalently, if there exists S ⊆ H such that T = S ⊥ . We write Pol H for the set of polars of H. Under the inclusion order, Pol H is a complete distributive lattice with H = e ⊥ as its maximum, {e} = H ⊥ = e ⊥⊥ as its minimum, meets given by intersection, and joins given by T i = ( T i ) ⊥⊥ . It can be shown that Pol H is a complete Boolean algebra, with complementation given by the map T → T ⊥ . If x ∈ H, the set x ⊥⊥ is called the principal polar generated by x. Then, x ⊥⊥ is the inclusion-smallest polar containing x. We write Pol p H for the set of principal polars of H; it is a sublattice of Pol H because of the identitities
which hold for every x, y ∈ H + . The minimum e ⊥⊥ of Pol H lies in Pol p H, while the maximum H = e ⊥ is principal if, and only if, H has a weak (order) unit-an element w ∈ H + such that for each x ∈ H, w ∧ |x| = e implies x = e. In that case, w ⊥⊥ = H. Note that the existence of a weak unit is not sufficient for Pol p H to be a Boolean subalgebra of Pol H, because the complement of a principal polar need not be principal (cf. Theorem 7.1).
We recall here the standard characterisation of minimal primes.
Proposition 7.1. For any ℓ-group H and any p ∈ Spec H, the following are equivalent.
We record a consequence that provides for lattice-groups the spectral equivalent of the existence of a weak unit. 3. H + is complemented: for every x ∈ H + there is y ∈ H + such that x ∧ y = e and x ∨ y is a weak unit.
If any one of the equivalent conditions (1)-(3) holds, then Min H = Qin H.
Proof. For (1) ⇒ (2), observe that if Pol p H is a Boolean algebra, then for every x ∈ H, we have x ⊥ = y ⊥⊥ for some y ∈ H. Thus, a quasi-minimal prime p is
Now, if y ∈ p for some of those y, then y ⊥⊥ ⊆ p and hence,
which is a contradiction. Moreover, if y p, then y m for every minimal prime m ⊆ p, that is, y ⊥ ⊆ m for every minimal prime m ⊆ p. Hence, y ⊥ ⊆ p. Therefore, every quasi-minimal prime p ∈ Qin H is in fact minimal. Since Qin H is the Stone dual space of a Boolean algebra, it is compact, and hence so is Min H.
and hence
for some y 1 , . . . , y n ∈ x ⊥ , where the last equality follows from V m (x) being closed in a compact space, and from Proposition 4.3. Let y ≔ y 1 ∨ · · · ∨ y n . We show that |x| ∧ |y| = e, and S m (|x| ∨ |y|) = Min H. In fact,
that is, |x| ∨ |y| is a weak unit. Further,
or equivalently, |x| ∧ |y| = e since m∈Min H m = {e}. For (3) ⇒ (1), observe for x, y ∈ H + that x ∧ y = e if, and only if, x ⊥⊥ ∩ y ⊥⊥ = {e} by (7.1). Similarly by (7.2), x ∨ y is a weak unit if, and only if, x ⊥⊥ ∨ y ⊥⊥ = H. Now, since x ⊥ = |x| ⊥ for every x ∈ H, the proof is complete. Finally, we show that if Min H is compact, then Min H = Qin H. For this, assume p ∈ Qin H \ Min H. Then for every m ∈ Min H, there is x ∈ p such that x m. Hence,
If we assume compactness of Min H, we have Min H ⊆ S(x 1 ∨ · · · ∨ x n ) for some w ≔ x 1 ∨ · · · ∨ x n ∈ p. Hence, the prime p contains the weak unit w, which is a contradiction since w ⊥⊥ = H. 
where supp(f ) ≔ {n ∈ N | f (n) 0}, with coordinate-wise operations, and the function 0 constantly equal to 0 as the group identity. We show that Qin H = Min H = (N, τ d ) , where τ d is the discrete topology. 
Proof. We start from the latter, and observe that for any f ∈ H + , f ∧ g = 0 if, and only if, supp(f ) ∩ supp(g) = ∅ .
Therefore, h ∧ g = 0 for every g ∈ f ⊥ precisely when supp(h) ⊆ supp(f ). From which we conclude
Thus, from (7.1-7.2), the map f ⊥⊥ → supp(f ) is a lattice isomorphism Pol p H (N * , ∩, ∪). Moreover,
Hence, every positive element of C(f ) has support included in supp(f ). Conversely, if g ∈ H + and supp(g) ⊆ supp(f ), then g(n) 0 implies f (n) 0. Now, since the functions have finite support, it is possible to find m ∈ N so that g(n) mf (n), for every n ∈ N . Therefore, g ∈ C(f ).
From Lemma 7.2 and Theorem 5.1, we conclude Spec H = Qin H.
Proof. It is straightforward that (N, τ d ) is a generalised spectral space whose compact opens are precisely the finite subsets of N. The result now follows from [23, Theorem 15] .
Therefore, Spec H = Qin H = (N, τ d ) is Min H, since the specialisation order of (N, τ d ) is trivial. This completes Example 7.1.
Remark 7.1 (Compactness of minimal spectra). The equivalence of (1), (2) , and (3) in Theorem 7.1 is a well-known result, of which we have provided a streamlined proof for the reader's convenience. There is a substantial literature concerned with the compactness of minimal spectra of various structures, and we cannot do justice to it here. In connection with Theorem 7.1 we ought to at least mention Speed's paper [21] for distributive lattices, and Conrad's and Martinez' paper [7] for ℓ-groups. Let us also mention that, in the Archimedean case, compactifications of minimal spectra of lattice-groups were recently shown to be inextricably related to the construction of projectable hulls, see [1, 14] .
Corollary 7.2. For any partially ordered group G and any variety V of ℓ-groups, the minimal layer of P V (G) is compact if, and only if, any one of the equivalent conditions of Theorem 7.1 holds for F V (G).
Proof. Combine Theorem 2.1 and Theorem 7.1.
For a group G, set
We endow 2 G with the smallest topology containing all sets X(a) and X c (a). With this topology, the space 2 G is easily shown to be a Stone space, see [4, p. 6] . Assume additionally that G is partially ordered. It is then elementary that the set of pre-cones C ⊆ G such that C ∩ C −1 = {e}, with the subspace topology inherited from 2 G , is homeomorphic to the subspace R (G) of P (G) consisting of right orders on G topologised as in (6.2) . This homeomorphism restricts to one between normal pre-cones C ⊆ G satisfying C ∩ C −1 = {e}, and the space O (G) of orders on G. Proof. Pick a compact element k of Conv * H, and note that k ⊆ x∈ k I(x). By compactness, also
Hence, k = I(x 1 ∨ · · · ∨ x n ). Conversely, consider I(x) ⊆ J k j for some x ∈ H, and k j ∈ Conv * H. Then, the element |x| ∈ H + equals y 1 · · · · · y m , for some y 1 , . . . , y m ∈ J k j . Thus, I(x) ⊆ k j 1 ∨ · · · ∨ k j m , for j 1 , . . . , j m ∈ J such that y i ∈ j i . Proposition 8.2. For any ℓ-group H, the convex ℓ-subgroup C(S) generated by a subset S ⊆ H is the set {x ∈ H | |x| s for some s ∈ |S| } , (8.1) where |S| = {|y| | y ∈ S}, and T is the monoid generated by a subset T of H.
It is immediate that K ⊆ C(S).
For the other inclusion, we show that K is a convex ℓ-subgroup containing S. First of all, S ⊆ K, and K is a subgroup of H, as |x| s and |y| t implies |xy| |x||y||x| sts. (Recall |xy| |x||y||x| is an ℓ-group law, see [8, Theorem 4.13] .) To show that K is a sublattice, observe that if x, y ∈ K, then x ∨ x −1 s and y ∨ y −1 t for s, t ∈ |S| or, equivalently, x s, x −1 s, y t, and y −1 t. Therefore, xy −1 st, and yx −1 ts. Now, since e s, t, the latter entails |xy −1 | = xy −1 ∨yx −1 sts ∈ |S| . Thus, xy −1 ∈ K and hence, also xy −1 ∨ e ∈ K, since e xy −1 ∨ e |xy −1 | sts. Therefore, x ∨ y = (xy −1 ∨ e)y ∈ K. We can now conclude, since x ∧ y = (x −1 ∨ y −1 ) −1 ∈ K. It remains to show that K is convex. For this, pick x, y ∈ K, and x z y for some z ∈ H. But then, e zx −1 yx −1 and hence, |zx −1 | |yx −1 | s, for some s ∈ |S| . Therefore, zx −1 ∈ K, and (zx −1 )x = z ∈ K.
We write N (S) to denote the normal closure {y −1 xy | y ∈ H, x ∈ S} of S. Proof. (1) is immediate from Proposition 8.3. Item (2) follows from the fact that k ∈ Conv H contains x, y ∈ H + if, and only if, x ∨ y ∈ k; also, x ∧ y is contained in every convex ℓ-subgroup containing x or y. 
Proof. For (1) ⇒ (2), we use the characterising property of representable ℓ-groups stated in Proposition 8.5: we show that I(x) ∩ I(y) ⊆ I(x ∧ y) entails that x ⊥ is normal, for every x ∈ H. Assume x ∧ y = e, for some x, y ∈ H + , that is, assume y ∈ x ⊥ for x, y ∈ H + . Thus,
This means that x ∧ a −1 ya = e for every a ∈ H, since (x ∧ a −1 ya) ∈ I(x) ∩ I(y) = {e} for every a ∈ H. Thus, a −1 ya ∈ x ⊥ , for every a ∈ H. For (2) ⇒ (1), we show that I(x) ∩ I(y) ⊆ I(x ∧ y) for every x, y in the positive cone of a representable ℓ-group H. For this, let H be a subdirect product of t∈T C t , for C t totally ordered groups. If |z| ∈ I(x)∩I(y), Proposition 8. Thus, in a given factor C t of the product t∈T C t , Proof. First, observe that C(x) = C(y) implies x ∈ C(y) ⊆ I(y), and y ∈ C(x) ⊆ I(x). Thus, if C(x) = C(y), then I(x) = I(y). Hence, g is well-defined, and clearly onto. By Proposition 4.1. (2) Proof. First, if ν is an interior operator onto Spec * H, since ν(m) ⊆ m for every m ∈ Min H, we can conclude ν(m) = m and hence, every minimal prime is an ideal. Thus, by Proposition 6.3, H is representable. Conversely, suppose that H is representable, and take x, y ∈ H such that x ∧ y = e. We show that either x ∈ ν(p) or y ∈ ν(p), for every p ∈ SpecH. If x ν(p), there is a w ∈ H such that w −1 xw p. Now, since x ∧ y = e and H is representable, by Proposition 8.5 also w −1 xw ∧ z −1 yz = e for every z ∈ H. Therefore, since p is prime, z −1 yz ∈ p for every z ∈ H, that is, y ∈ ν(p) For any partially ordered group G and any variety V of representable ℓ-groups, consider Proof. Statement (1) follows immediately from Theorem 2.1 and Corollary 8.1. For (2), observe that for a right pre-order C, the set β(C) is clearly a normal submonoid of G. Moreover, if a β(C), there is a conjugate t −1 at C for t ∈ G; hence, by Theorem 6.1, s −1 as ∈ C −1 for each s ∈ G, that is, a −1 ∈ β(C). Therefore, β(C) ∪ β(C) −1 = G, and β is a well-defined function onto B V (G). Further, β sends a right pre-order C in P V (G) to the largest pre-order contained in C, and β(C) = π(ν(κ(C))). Thus, an application of Theorem 2.1 and Lemma 8.2 completes the proof.
